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(b 10) Exercise N°— 1 — @dy i pad

Let the matrix: XYL \;3:3

Sogion og S PIAP 2as P Sbgoall o8 a6 A4(R) b pbil) abls A o) sl (1
ESYL

Prove that A is diagonalizable to .#5(R) and then find the matriz P where P~*AP is a

diagonal matrix.

Find P~ Pl sl (2
Calculate A™. A" s (3
Solution : (!
Let OSd
1 0 0
A=10 1 0
1 -1 2

4b gaine (985 i PTIAP Cos P b gaiaed! (o Cod @5 M3(R) 53 pudazidd 218 A i coaid (1
IR
Let’s prove that A is diagonalizable to .#3(R) and then find the matrix P where P~'AP is a

diagonal matrix.
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PA Y eeedl 3 guand) pdiss Ul a0 (1.1
We start by calculating the characteristic polynomial of A :

1-X 0 0
PyX)=det(A-XL)=| 0 1-X 0 |=01-X)?22-X)
1 -1 2-X

Caclaid) dx 53 2 g m(l) =2 Caelia’ Ao o 1 Aa Gt Slae Wl o jcaadl 3 gasdl s j i (1.2
m(2) =1
The roots of the characteristic polynomial are the real numbers 1 with a multiple of
m(1) = 2 and 2 with a multiple of m(2) = 1.
AGIA A4S jod) e laddl Olsliaal sy (1.3
Let’s define the sub-eigen-vectorial spaces
D1 Adelinod) AGIAN Zexdll I 5 ol peladdl sliaall By St (1111

Let E; be the sub-eigen-vectorial space of the doubled eigenvalue 1 :
Ei=Ker(A-L)={XcR*|A- X=X}

If we put L 9 13

>

I
N
e |]
N~—

then: DA
r=2x
XeF — AX =X = y=y < r—-y+z=0
r—y+z=0

E1:{<:c, Y, y—x)]xE]R,yeR}

The generated plane for example from the vectors X; = < 61> and X, = <(£> forms a

basis.

P2 Ao ASIA Aaydl 331 pedl G S ) peladdl sladll By S (1.2.1

Let E5 be the sub-eigen-vectorial space associated with the simple eigenvalue 2 :

Ey=Ker(A—2L)={X cR*| A- X =2X}.
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then DA g
T =2z
XeFE < A-X=2X <= Yy =2y < =0 and y=0
rT—y+22=2z

.‘uwmds.a“XF@) %gtmﬁa:wy@:{@) |ZGR}
Ey, = {(8) | z € ]R} he is straight with vector beam X3 = (%) and forms the basis

for it.

gt A yoll SN @AYl Caoliad Aoyt Ay glece ASIAIN A jaud) Ao ladd) Olsliadll slasi (1.3
The dimensions of the sub-eigen-vectorial spaces are equal to the degree of multiplication

of their associated eigenvalues:
dim By =2 =m(1), dimE; =1=m(2).
dadilY AL8 A A3 gawael! A g
So the matrix A is diagonalizable.
W (PHeal julw¥l J3) A ddganells Jied) SN Jsalacd) (X, Xo, X3) elw¥t 3 (14
142 ganall
In the base (X1, X5, X3), the endomorphism represented by the matrix A (in the canonical

basis) has the matrix:

1
D=10
0

o = O

0
0
2

ngi%d):d“,.l.c.ngX2¢X1 @mim;&dijwl'&éwpbbﬁqsﬁih@
In other words, we put P the transit matrix whose column vectors are X;, Xy and X3 in

order, i.e.:
1 00
P=10 101,
-1 1 1
then, P~'AP = D. PUAP = D 4ty
The inverse of the matrix P! is: ‘g Pl ddgamett Lglae (2
0 0
P*t=]10 1 0
-1 1
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Calculate A™. A" Gl (3

0 0 10 0 1 0 O
A" = pD"P = 0 0 01 0 0 1 O
-1 1 1 0 0 27 1 -1 1
1 0 0
= 0 1 0
2n—-—1 1-=20 27
(bl 5) Exercise N°— 2 — @y 3 pd
Calculate the following integrals: e\ _f‘\h\Tﬂ\ s |
1) /2 sin® () cos (z) dx
0

1
2 / 3 + exp (_$)dm

Solution : (e
Calculate the integral Jals sl (1)
/2 sin? () cos (x) dz
0
by placing o 9o

sin (r) = t = sin (z)’ = cos () = dt

&bﬁtd‘l‘&d&&d\ag»ﬁ@g
Hence, the bounds of integration change from z to t as follows

r = 0=t=sin(0)=0

L —t=sin(2) =1

= —_ = S — g
x 5 in { 3

from it we find A Ale g

r = 0=sin(0)=0

=~ —sin(5) =1
T= g sin =
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sin? (z) cos (z) dx

O\_>
NIE]

| Il
— o\
o

~

o

QL

~

f 3+ex11t)(—93) dx (2)

.d$:d7uL¢bfi«7¢JSfL§M‘ du = exprdr 9 v = 1nu dag U = eXPT el el HSJ

Let the variable be changed to u = expx. Including x = Inu and du = expx dx which also

writes dx = %“.

/ dx B
3+exp(—z) +

du B
3u+1

\\
w
—_
g |-
/N
5
N——

In|3u+1|+¢

In(Bexpz+1)+c¢

Wl W~

(b\& 5) Exercise N°— 3 — @dy 3d pd

Sliolal) &dslnalt Y5 w5 ST 5120 (B Sl Bds12al o s

Prove that the following equation is the Riccati equation and then solve the differential equation

y=y+y +1L
Note that it can be written Solis J.Cu ool s
2 V3 z
2 1 _ - V¥
vty + (y+2>+<2>
Solution : Jemsd!

LISy Alalae AU Al laitl dlalasdl Of SIS
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We prove that the following differential equation is a Riccati equation:
Y =y+y*+ 1.

D alall SN (pe S AL OMlelas O3 Blacs SIS Walas oo Blasell Walacdl
The given equation is a simple Riccati equation with constant coefficients. Written in general form:

W P @)y +a @)y () =0

by comparison we find dod Adsllaotl

y —yP-y—1 =
y+(P(r)=-1)y*+(q@)=-Dy+(r(2)=-1) =

IS e Walaolt alatl ot e J gastl ((San 10 (A 9guny Y 9 T (o ydiad) Jud (1S Lo
Here the variables x and y can be easily separated, so the general solution of the equation is given by

dy
dx

d
(+3)"+ (2)
1 y+3
= Earctan NE =xz+C,
2 2
2 2 1
= ——=arctan v+l _ +C
V3 V3
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