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Exercise N°− 1 − ��C �§rm�

Let the matrix: :T�wfOm�� �kt�

A =


1 0 0

0 1 0

1 −1 2

 .

T�wfO�  wk� Yt� P−1AP �y� P T�wfOm�� �� ���� �� M3(R) ¨� ryWqtl� Tl�A� A  � 
b�� (1

.T§rW�

Prove that A is diagonalizable to M3(R) and then find the matrix P where P−1AP is a

diagonal matrix.

Find P−1. .P−1 d�¤� (2

Calculate An. .An 	s�� (3

Solution : �þþ���

Let �kt�

A =


1 0 0

0 1 0

1 −1 2

 .

T�wfO�  wk� Yt� P−1AP �y� P T�wfOm�� �� ��b� �� M3(R) ¨� ryWqtl� Tl�A� A  � 
b�n� (1

.T§rW�

Let’s prove that A is diagonalizable to M3(R) and then find the matrix P where P−1AP is a

diagonal matrix.
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: A þ� zymm��  ¤d��� ry�� 
As�� �db� (1.1

We start by calculating the characteristic polynomial of A :

PA(X) = det(A−XI3) =

∣∣∣∣∣∣∣∣
1−X 0 0

0 1−X 0

1 −1 2−X

∣∣∣∣∣∣∣∣ = (1−X)2(2−X)

��ASt�� T�C 2 ¤ m(1) = 2 ��AS� T�Cd� 1 Tyqyq���  �d�±� ¨¡ zymm��  ¤d��� ry�� C¤@� (1.2

.m(2) = 1

The roots of the characteristic polynomial are the real numbers 1 with a multiple of

m(1) = 2 and 2 with a multiple of m(2) = 1.

Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  d�n� (1.3

Let’s define the sub-eigen-vectorial spaces

: 1 Tf�ASm�� Ty��@�� Tmyql� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� E1 �ky� (1.1.1

Let E1 be the sub-eigen-vectorial space of the doubled eigenvalue 1 :

E1 = Ker(A− I3) = {X ∈ R3 | A ·X = X}.

If we put An`R¤ �Ð�

X =
(

x
y
z

)
then: : ¢n�¤

X ∈ E1 ⇐⇒ AX = X ⇐⇒


x = x

y = y

x− y + z = 0

⇐⇒ x− y + z = 0

E1 =
{(

x, y, y − x
)
| x ∈ R, y ∈ R

}
.xAF� �kK� X2 =

(
0
1
1

)
¤ X1 =

(
1
0
−1

)
T`J±� �� �A�m�� �ybF Yl� d�wm�� ©wtsm��

The generated plane for example from the vectors X1 =
(

1
0
−1

)
and X2 =

(
0
1
1

)
forms a

basis.

: 2 TWysb�� Ty��@�� Tmyql� ���rm�� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� E2 �ky� (1.2.1

Let E2 be the sub-eigen-vectorial space associated with the simple eigenvalue 2 :

E2 = Ker(A− 2I3) = {X ∈ R3 | A ·X = 2X}.
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then : ¢n�¤

X ∈ E2 ⇐⇒ A ·X = 2X ⇐⇒


x = 2x

y = 2y

x− y + 2z = 2z

⇐⇒ x = 0 and y = 0

.¢� xAF� �kK§ ¤ X3 =
(

0
0
1

)
¢hy�w� �A`J �yqts� w¡ E2 =

{(
0
0
z

)
| z ∈ R

}
E2 =

{(
0
0
z

)
| z ∈ R

}
he is straight with vector beam X3 =

(
0
0
1

)
and forms the basis

for it.

:Ah� Tq��rm�� Ty��@�� �yq�� ��AS� T�Cd� T§¤As� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  A`�� (1.3

The dimensions of the sub-eigen-vectorial spaces are equal to the degree of multiplication

of their associated eigenvalues:

dimE1 = 2 = m(1), dimE2 = 1 = m(2).

.ryWqtl� Tl�A� A T�wfOm�� ¢n�¤

So the matrix A is diagonalizable.

¢� (¨�w�Aq�� xAF±� ¨�) A T�wfOm�A� ��mm�� ¨��@�� ��AKt�� ,(X1, X2, X3) xAF±� ¨� (1.4

:T�wfOm��

In the base (X1, X2, X3), the endomorphism represented by the matrix A (in the canonical

basis) has the matrix:

D =


1 0 0

0 1 0

0 0 2

 .

:©� 	y�rt�� Yl� X3 ¤ X2 ,X1 Ah�dm�� T`J� ¨t�� Cwb`�� T�wfO� P �S� ,«r�� TfO�

In other words, we put P the transit matrix whose column vectors are X1, X2 and X3 in

order, i.e.:

P =


1 0 0

0 1 0

−1 1 1

 ,

then, P−1AP = D. .P−1AP = D ¢n�¤

The inverse of the matrix P−1 is: :w¡ P−1
T�wfOm�� 
wlq� (2

P−1 =


1 0 0

0 1 0

1 −1 1


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Calculate An. .An

As� (3

An = PDnP−1 =


1 0 0

0 1 0

−1 1 1




1 0 0

0 1 0

0 0 2n




1 0 0

0 1 0

1 −1 1



=


1 0 0

0 1 0

2n − 1 1− 2n 2n



Exercise N°− 2 − ��C �§rm�

Calculate the following integrals: :Ty�At�� �®�Akt�� 	s��

1)

∫ π
2

0

sin2 (x) cos (x) dx

2)

∫
1

3 + exp (−x)
dx

Solution : �þþ���

Calculate the integral ��Akt�� 
As� (1)∫ π
2

0

sin2 (x) cos (x) dx

by placing �Rw�

sin (x) = t =⇒ sin (x)′ = cos (x) = dt

¨l§ Am� t Y�� x �� ��Akt��  ¤d� ry�t� ¢n�¤

Hence, the bounds of integration change from x to t as follows

x = 0 =⇒ t = sin (0) = 0

x =
π

2
=⇒ t = sin

(π
2

)
= 1

from it we find d�� ¢n�¤

x = 0 =⇒ sin (0) = 0

x =
π

2
=⇒ sin

(π
2

)
= 1

Brahim Brahimi4University of Mohamed Kheidar, Biskra

( ªAq� 5)



∫ π
2

0

sin2 (x) cos (x) dx =

∫ 1

0

t2dt

=
1

3
t3
]1
0

=
1

3
.

∫
1

3+exp(−x)
dx (2)

.dx = du
u

AS§� 	tk§ ©@�� du = expx dx ¤ x = lnu ¢n�¤ .u = expx ry�tm�� ryy�� �ky�

Let the variable be changed to u = expx. Including x = lnu and du = expx dx which also

writes dx = du
u
.

∫
dx

3 + exp (−x)
=

∫
1

3 + 1
u

(
du

u

)
=

∫
du

3u+ 1
=

1

3
ln |3u+ 1|+ c

=
1

3
ln (3 expx+ 1) + c

Exercise N°− 3 − ��C �§rm�

TylRAft�� T� A`m�� �� �� ¨�Ak§C T� A`� ¨¡ Ty�At�� T� A`m��  � 
b��

Prove that the following equation is the Riccati equation and then solve the differential equation

y′ = y + y2 + 1.

Note that it can be written T�At� �km§ ¢�� ^�¯

y2+y + 1 =

(
y +

1

2

)2

+

(√
3

2

)2

.

Solution : �þþ���

:¨�Ak§C T� A`� Ty�At�� TylRAft�� T� A`m��  � �Ab��
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We prove that the following differential equation is a Riccati equation:

y′ = y + y2 + 1.

: �A`�� �kK�� �� 	tk� .Tt�A� �®�A`� ��Ð TWys� ¨�Ak§C T� A`� ¨¡ ­AW`m�� T� A`m��

The given equation is a simple Riccati equation with constant coefficients. Written in general form:

dy

dx
+ P (x) y2 + q (x) y + r(x) = 0

by comparison we find d�� Tq�AWm�A�

y′ − y2−y − 1 = 0.

y′ + (P (x) = −1) y2+(q (x) = −1) y + (r (x) = −1) = 0.

�®� �� T� A`ml� �A`�� ���� Yl� �wO��� �km§ �@� ,T�whs� y ¤ x �§ry�tm�� �O� �km§ An¡

Here the variables x and y can be easily separated, so the general solution of the equation is given by

dy

dx
= y + y2 + 1, ⇒ dy

y + y2 + 1
= dx,

⇒
∫

dy

y + y2 + 1
=

∫
dx,

⇒
∫

dy

y2 + y + 1
4
+ 3

4

=

∫
dx,

⇒
∫

dy(
y + 1

2

)2
+
(√

3
2

)2 =

∫
dx,

⇒ 1
√
3
2

arctan
y + 1

2√
3
2

= x+ C,

⇒ 2√
3
arctan

2y + 1√
3

= x+ C.
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